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Abstract: This study aims to investigate the existence and properties of one-sided
derivatives of limit summation functions, particularly in relation to Euler-type
constants, within the context of convex and concave real functions. It also seeks to
generalize existing theorems related to the differentiability and summability of such
functions. The research adopts a theoretical and deductive approach grounded in
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and proves several new theorems concerning the right and left derivatives of
summation functions. The derived results are then validated through a series of
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functions involving Euler-type constants.
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Introduction

The Euler-Mascheroni constants, y and s, were introduced in the 18th century and
are now considered some of the most widely recognized and useful mathematical constants.
However, in 1997, a broader class of -Euler constants is investigated. Webster examined
functions of the I' form, which satisfy the Boher-Mollerup theorem, which generalizes the
functional equation j = (r +1) j(r)f(r) (r > 0). However, a novel idea known as the
marginal addition function —an addition function for every function —was put forth by M.
Hooushmand in 2001. It is defined on the portion of R that has every natural number in it.
It demonstrates how clerical work might be regarded as its subsubject. whether in
periodicals. He developed other related theories, including the Bohr-Mollrup main theorem,
and we aim to elucidate certain singularity requirements for marginal addition functions.
and How Functional Equations Relate to It This has been researched. We remember that
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Schleicher and Miiller employed a comparable tactic—using a series of functions of rational
groups—to lessen assembly obstacles in 2010. More recently, functional and analytical
groupings.

Methodology

This study is a theoretical investigation in the field of mathematical analysis that
employs a deductive approach to formulate and prove theorems concerning one-sided
derivatives of limit summation functions and their relationship to the Euler constant. The
methods used include a literature review to gather fundamental concepts related to convex
and concave functions, gamma and zeta functions, and the Euler constant from various
scholarly references. Subsequently, a deductive-mathematical approach is applied by
utilizing existing axioms, definitions, and theorems to develop new theorems and present
formal proofs systematically. The study also involves symbolic and functional analysis of
the properties of the examined functions, as well as comparisons with established theories.
Finally, the proven theorems are validated through their application to several real function
examples to assess their applicability to both convex and concave functions.

Result and Discussion

One-way derivatives of limit summation functions.

In this section, the conditions for the existence of one-way derivatives for some of the
limit summation functions we will assess it. Specifically, the existence of one-way
derivatives for summation functions we will check the limit when the function under study
IS convex or concave.

Definition 1. Suppose I is an interval and j : I — R be a real function. If k € I and limit.
LSt h) =y (1.1)

hll»o’r h
If it exists, we say that g is right derivable in s or j has a right derivative in s and that
with the symbol ji (r) we show if for every ji(r),r € I available function j; : I — R by the
rule of r = ji (r) is called the (right) derivative function of j. Similar to this article, exists for
the left derivative. Left derivative j in s € I with j_(r) and function j. : I - R by rule r —»
jL(r) is called the derivative (left) function of j. Whenever out of existence j we are talking
about the assumption that both functions j. and j; are available.

Definition 2. Let j be left or right differentiable on }}; (for example, if j is convex or concave,
these one-way derivatives exist). We explain.

ot () = G () = () = ) o+ b (1.2)
b=1

If the limit of this sequence is m € }}; be it available with the icon j o, (K) we show we

also define:
Ye:(Gm) = _jaﬁ_r(rl)
Yer () = = joy (0) (13)
If g is derived from T, that is j; = j then.
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j‘féir =jaé(rl) = _yci-(i'rl) = _yc(i'rl) (1.4)
And if the sequels j,/, be convergent, then
]'ggi(fl) =ja'(rl) = —Vi(]"fl) = _y(i' I‘[) (1.5)

Theorem 1. Suppose j : (6,+) - Rand § < 1 function be convex, and n(j, 1) = 0. In this
case.
(A) —for each j,s (n),n = 0 convergent and

_Y+(j' 1) < —V—(I'; 1) S]oi(n) Sja'_(rl)

<je() = -r.(D=-r-(); O<n<D. (1.6)
(B)- function j;r (n) A solution to a functional equation
Sm) =ji(m) +nn—1) (1.7)

Is.
Assume a proof q and 0 < n < 1 be a natural number. Because j is convex, therefore
given that o0 < 0 + n < o + 1 by applying the mean value theorem on the interval [o0,0 + 1],

number s, € (0,0 + n) available so that
jin+u) = j(b)

J-(p) < S < J+(na) (1.8)
By multiplying the unequal sides, we get (1.8) in —Kk
—nJji(n) < j(b) —j(n+b) < —rn(n ) (1.9)
As a result
1) i) < ) (j) - j+ ) < -n ) j(n) (1.10)
b=1 b=1 b=1
So

(O =1 i) <O+ ) ((b) —j+b)
b=1 b=1

c
< i@ =n ) j (). (1.11)
By dividing the sides of the last relation by 5. It is concluded that
(
(o) - Zn(np) < <) - Z] (no) (112)

Because j is convex, ]+ and j_ are ascendmg funct1ons and j., < ji as aresult
jLb) = ji(b) <jl(ng) <ji(ny)
< j'n+b)<ji(n+b)<j.(b+1)<ji(b+1) (1.13)
By summing the inequalities (1.13) per 1 < b < ¢ and then add j(c) on the sides of
the resulting 1nequa11t1es we get.

(c)—21+(b+1><1<c) 21 (b+1)
<j(e) - ] (rL+b)

S](C)—Z]—(TH‘ b)
b=1

https://edu.pubmedia.id/index.php/ppm



Jurnal Pendidikan Matematika Vol: 2, No 3, 2025 4of16

JIOEDWACH
b=Cl

<@ =) jL)
b=cl

<@ = ) i)
b=1

JCEPYAO! (1.14)
b=1

Now according to the definition j ol (r) and we will have inequalities (1.12) and
(1.14).

Jot, (1) < jgr, ()
< jaé_ ()
JOEDWACH
b=1
Joe D)
rl c
JICEDWLCT
b=1

<Jg, (b)
< joé_ (b)

<

(1.15)
As a result

“Ye+1 (i' 1) =< _Vc—(i' 1)
<Jor, (M)
= jcré_ (I'[)
< j& ()
< Yo+ (])

< ¥ () (1.16)
On the other hand, since j is [1, +0) it is convex, therefore [2].

jle+h) —jlo) _ . .
S < e+ D -j©
i(c+1+h)—jc+1
G i)l jle+1) (1.17)
Where in 0 < h < 1. Now with the assumption h - 0%, we get
Ji(0) £ -K.(,1) <ji(c+1) (1.18)

Similarly with the assumption —1 < h < 0 convexity of functionjon [c + h,c,c + 1 +
h,c + 1] we get

JL@) £ -G, <jl(c+1)
Now we can conclude from the relations (1.18) and (1.19) that [3].
JjL(e) < ji(e)
< _ﬁc(i: 1)
<—j'(c+1)

(1.19)

https://edu.pubmedia.id/index.php/ppm



Jurnal Pendidikan Matematika Vol: 2, No 3, 2025 50f16

<ji(c+D (1.20)
As a result
ne(t1) =j'(c) = jilc + 1)
—jt(c+ 1)~ e, 1)
0 (1.21)

IAIA

We also have

o, GO = Jr, (D) = () = ZJ+(b+n) J(C+1)+ZJ+(13+11)

=j(c) — ](c +1)+ji2(c+1+n) (1.22)
As a result
o (0 = o, () = =g, D) = (e + 1+ 1)
<—n.(,1)—jic+1) <0 (1.23)

This means that for every 0 < n, there is a functional sequence
jaéi(rl) = Ve (1)
It is descending. Now by putting n = 0 in the equation (1.23) and using the equation
(1.21) to we get
ne(s 1) =) —jilc+ 1)
~(neG, D +jic + D)
= Jol 0 (0) = Jo1, (0)
= ~V(e+ns(D +vex() <0 (1.24)
We also have

Jot, M) = Jgr, (=1 =jim) — ji(n+ o),
_Vci(jf 1) = ],i(l) _jli(c + 1) - Vci(j) (1-25)

Theorem 2. If : [1,+00) - R have a monotonic derivative and K(j,1) = 0 then the sequel
o1 (K) Roy [0, +0) is convergent and if j' is ascending, then j(n) and jz(n) in inequality.
G D) < () < jor () < —¥(); O0<n<1) (1.26)
They apply also, if j’ is downward, the direction of the above inequality is reversed.
In addition, j,/(n) a solution to a functional equation

n =j'm+nn-1 (n>1) (1.27)

The result 1. Assume j : (§,0) - Rand § <1 A convex (concave) function and sequence
Ne(j, 1) be bordered in this case.
(A)-sequel to j ol () is convergent for every 0 < n and if j is convex, then j o (n) in

inequalities
J@ +n(D) —y2() < jo ) < jo() < —v: (), 0<n<1) (1.28)
And if j is concave, then
—¥:() <je() S jp () <ji(M) +n1) —v:(),  (O<n<1) (1.29)
(B)- function j &, (1) a solution to a functional equation

n() =ji@ +nG, 1) +n(r - 1) (1.30)
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Is Proof: because j is a convex function therefore n.(j, 1) it is uniform and because it
is bounded assumption is as a result n,(j, 1) is convergent we put.

f@ =j +n(n (6<n) (1.31)
fr) =ji(@ +S()

In this case

And
fo. () = Jo (W
Next, by presenting an example, we show that theorem 1. Is the generalization of
theorem 2.

Example 1. function g : (%, o) — R by rule.
log n=2
J) =42

Flogz—2icn<2
35 og 32 n=

Consider.
(A) — show that this function is concave.
(B) — show using theorem 1.

5 < log(n+1) N log(n+ 1)

3 n n
<¥Y(n+1 ! 2
= n+1 3
1
<Y(1) - =
<Y - -
1
<-y-: (1.32)

(C) — using theorem 1. Again, show:
17 logl'(n+1) N log(n+ 1)

6 n n
< ¥Y(n+1 1 2
= n+1 3
1
< Y-¢ (0<n<1). (1.33)

Solve (A) — from your previous knowledge in elementary math (by referring to the
graph of the j function) easily it turns out that j is concave on its domain

(B) — we have
o+ (D =@ = ) j'+ )
c=1
C
_{; Z 1 1 2( >1>
-\ oge Lin+b) n+l 3\172)
as a result

_yc(i) = jo‘é + (0)

=j(©) = ) js )
b=1
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So
=¥+ () = lim (=ye+ (D) = - —g (1.34)
Also
ot () = lim g + ()
S| 1 2
:gl—mo<1]c_bz_1q+b>_q+1_§
_ 1 21 w1 1 2
=2L%[<loge‘zg>‘( b zr+b) Tl 3
b=1 b=1
_ 1 1 2
= lim (logo—;g> ( b+1 zb+q+1) “hn+1 3
1 1
=_V+Z(b+1 b+r1+1> r<+1_§
1 2 1
= PR+ 5T 73 (x>3)
So
1 2 1
o () = ‘P(S‘i'l)—?—g n>2) (1.35)

In addition

o, (D = ng(©) + ) (j(b) — j( + b))
b=1

=nlogc + Z(logb —log (n+ b))

C
b

—ql +Zl
Vloge + ), log

c
b
= logen +1 H—
ogen-+log | | —
1:2+ e

M+1)..(n+0)
c!

= log c" + log

=log c"+ lo
J g(q+ D(n+2)..(n+0¢)
c'ch

M+1)..(n+0)

o () = lim jy, ()

clch
lim
coo(n+1)...(n+¢)

= log

As a result
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. clch
- logClLr?o n+1)..(n+0)
~ Jog lim clcc n+c+1
cco(n+1)..(n+c)(n+c+1) c
_ c!chtl . c+n+1
= log gg?o(rl+1)...(rl+c+1).nl—r>§° c )

=log(r(n+1) - (n+ 1))
log'(n+ 1) +log(n+ 1)

The result is that
Jo() = logl'(n+1) +1j(n+ 1) (1.36)
As a result
. Jo(m) _log'n+1) log(n+1)
=(n) = = + 1.37
Jz () n n n (1.37)
Now, theorem 1. Requires that [4].
¥+ () < Jjz() Sjai(rl) <-70.1 (1.38)
Relationship now.
1
Y(n+1) = §+ ¥Y(n)
And relations (1.34),(1.35),(1.36),(1.37) and (1.38) result that
5 log'(n+1) log(n+1)
—-y—5 < +
3 n n
w12
=T n+1 3
<w(®) 1 2
- 21 3
=w() -2 (1.39)
(C) Quite similar to part (B) it can be seen that.
17
r-@=-r-—
() = P+ 1) ———— 2
Jo!l = n n+1 3
] log'(n+1) log(n+1)
Je() = + n

And as a result

_z < logl'(n+1) +log (n+1)

6 n 112_
<lp(l’]_+ 1)—?—5
1
_—]/—g (0<n<1)
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Consider.
(A) show that this function is convex.
(B) show using theorem 1.

1_15:2\/13—1—\/3—\/13—1
24 Vb +1(Wb+Vb—1)

<1_1§:2\/r—«/ﬁ—«/m
T 24 b+ IWb+Yb 1)

c
1
< lim —\/c—1+z
e L n+b—-1+Vb—1

1 /1
< 1+§((§) (O<I’|_S 1) (1.40)
Solve it is quite similar to the previous example. (A) by drawing the graph of j, it is
easy to seethat j is convex.
(B) — we have

o, (D = (@) + ) (jb) = j(n + b))
b=1
= —n/e=1+ ) (Ja+b—1-Vb)
b=1

C
= - \/c—1+z
b=1

n
Jn+b—-1++b

Jo()
n

In result

Je() =

c
1
= lim —\/c—1+z
c—>00< o rl+b—1+\/g>

And

ot (D) = (@) = ) J4 (14 b)
b=1

C
1 1
_ —\/—c—1+—z—
szl,/q+ b—1
In result
o) = lim fpr ()

1 2/b+n—(Wb—vb—-1)

=1-=
24 b+ n(Wb+Vb-1)

1
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And so
ja’(l) = _V(il 1)
1 - 2/b+n— (b—vb—1)
244 b+nGb+Vb-1)
And

Jo'(b) = =v(j)
1 2/b+n-(Vb-vb-1)

24" Jb ¥ n(Vb+vb - 1)
1
=1 —E;(b = 1)vb

Now according to theorem 1.

=0, D <jrm) < jz() < =v()

In result

1_1“’2 b+n— (Wb—+vb—1)
24 [b+nWb+Vb-1)
15:2 b+n—(Wb—vb—1)

b=1

<1--
2 n(Wb +vb—1)

c
1
< lim —\/c—1+z
€ & n+b—-1+vVb-1

SH%ZG) (0<n<1).
Suppose (d.)? be a series of actual numbers in which.
(A) - (d;) is ascending.
(B) — for each d, < %
©) - gi_)rg(dc+1 —d.) = 0 sequence of functions j. : [c,c + 1) - R by rule g.(n) =

,¢ (means d, is strictly convex).

(dey1 — do)(n—c) = d; we define and then the function j : [1, +) — R by rule.

TOEDWACTIC (141)

We explain. Intuitively, the graph j is the set of line segments that go from the points
D,(1,d,) and D;(2,d,)...passes. It is clear that j is not differentiable at correct points and
therefore the theorem 1. Is not applicable to it and we can apply theorem 1. About it. And
from the last theorem, it can be easily seen that j is summable and inequalities (1.6) for it is
established.

More examples and inequalities

In this section, using theorem 2. We prove two important inequalities that these
inequalities they have already been proven in reference by leforgia and natalifi with another
and laborious method.
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Example 2. Function j : [1,00) = R by rule j(n) = logm considered and using show from

theorem 2.
—logI'(n+1
-14+y< & Il(rl )Sy(log,n)Sy 0<n<1 (1.42)
And draw conclusions from it
(0<n<1

cM < W) < T(n 4 1) < @~V

Solve according to example 2. We see that
logs(n) =logI'(n+ 1)

log,,(m) = —y(log,n) =¥+ 1)

y =v(log,0)
In result
—)’(]';(I(]))) = —‘P(l)(= —1)+ Y
. j —logl'(n+1
Jje() = =
- n n
Jo' (I‘[) = )/(lOg,I‘[)
JO+p) -yl =1+0-1+y=y
Now according to inequality
(0<n<1

—v() < Jje() < jr () <j' (D) + n(D) —y(),

Will have
—logl'(n+1
og(n )SV(log,r])SF, O<n<1).

-1+y<
Now, by multiplying the sides of the last inequality, we will have - s [8].
—yn < -ny(ogn) <logl'(n+1) <n1-y)

In result
cM< WD) < P(n+1) < cUvn,
The first part of the next example, inequalities for the zeta function and (v,n) { for

the case that I< vand gives0 <n <1

Example 3. Suppose m is a constant real number. Function by rule j(n) = n® we explain.
According to three different modes, s = —1,s < 0 and 0 < s < 1 using theorem 1. Show [8].

(A)
1w 1 1

(1.43)

(B)

0<n<1) (1.44)
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©) .
1— ) ((c—15—=c5—sc51

<S1-s(m+D" - Z((c —1)S—cS—s(m+)* )
c=1

1 (00
< ;Z((l +1)c’—(c+n)’—v(c— 1)5)
<l-s-— Z((c — 15— ¢ —sc57Y). (1.45)

c=
Solve (A). in this case n(1) = 0 and j"'(n) > 0 and j'(n) < 0 because j"'(n) > 0soj'is
ascending and according to the theorem 1. We have [9].

=G, D < jr( <jz() < —v(), 0<n=1) (1.46)
We have now

n,

Jot(s) ___“Z (s+b)1 Il+51 -n

So
1
Jo' =S (rl-s -{(1-s, 11)) (1.47)

—-y(G, 1) =s(1-g(1 - sc)) (1.48)

_Y(]l 1) = _y(]) =]a"(0) = gg?o <CS - z Sus_1>

b=1
- sbz u11 = 5{(1—5) = 2(2m)~T'(s + 1) cos( )26 (149)
=1

Now, from the relations (1.46) ,(1.47), (1.48) and (1.49) the relation (1.43) is obtained.
(to this is the case that after placing the obtained values in (1.47) ,(1.48) ,(149) in (1.46) and
then multiplying the sides by a negative one, the verdict is obtained).
(B) - r = —1.in this case j(n) = i SO
1

.y 1 7
J(I’O=—¥<0, ](11)=E>0

Therefore, j' is ascending again and we have

Jo.() = —+Z(g—m>
q;bz + un

. o1
Jo(m) = rtbzlbz o

So

https://edu.pubmedia.id/index.php/ppm
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In result
. e
]6(1'0— - _1b2+b11
Also
ot () = (@) = ZJ (v +1)
Z (n+ b)?
Therefore
=y
=S s
s (n+b)
In result

. o NENES
() = =G0 = () = ) ="
b=1
N ;1o
—v(, D) =j1) = bzlm? -1
Therefore, it follows from the relationship (1.46) that [8].

m? | < z 1 - z 1 - w? 0<n<i
6 LI Zibi+bln . 6 =
b=1 b=1
(C)—in thiscase 0 <s < 1.
j) =n’
j' ) =sn*"t>0
" , S(s—1)
Jj'"m) =s(s—=n*?% = YRR
Therefore, g is decreasing and
c
oD = € = Y s+
b=1
c
=cS—s(n+ 1)1 - z s(n+ b)s7?
b=2

In result

Jor () = 1= s+ 17 = > (= 1)° = b° = s+ b))
b=2

So

V() = (@ = 1 =5 = D (b= 1)* = b° —sb*)
b=2

G D = jpr (D) = 1= ) (e =1 = ¢* = 5¢5)

https://edu.pubmedia.id/index.php/ppm
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C
o (D = ne + > (B = (b +1)°)
b=1
In result
1 [ee]
o =) (A + e = (e +)° = n(e = 1)?)
c=1
Now the verdict is obtained from theorem 1.

Conclusion

This research report includes the study of Kama and zeta, marginal addition functions
and their relationships, and Euler-type constants. Through the research article's theories and
examples, explain the relationship and practical application between the derivation and
Euler's constant.
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