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Abstract: This article discusses recursive algorithms to construct geometric t-spanners
with structural properties such as planarity, unit-disk adjacency, and locally bounded
edge crossings. A geometric t-spanner is a sparse subgraph that bounds the distances of
the initial geometric graph within a factor t>1. The suggested recursive approach adopts
a three-phase process: (1) Decomposition — the set of vertices is divided into clusters
through topological or geometric separators; (2) Local construction — for every cluster, a
local spanner is constructed subject to strictly enforcing geometric constraints; and (3)
Merging — a sparse set of inter-cluster edges is added in order to link clusters into a
global spanner. The model ensures low stretch, bounded degree, and global connectivity
at the minimum total number of edges.We demonstrate the scheme through an example of
a quadtree-based decomposition where the 2D Euclidean plane is recursively partitioned
into subregions that contain a bounded number of vertices. Figures indicate how local
spanners and inter-cluster links are combined to form a global structure that closely
approximates Euclidean distances and is planar and degree-constrained. The recursive
construction is distributable, scalable, and can be used in spatial networks such as wireless
sensor systems, road infrastructures, and robotic motion.

Keywords: Geometric T-Spanners, Recursive Algorithms, Planarity Constraints, Quadtree Decomposition, Bounded Edge Crossings

Introduction

Geometric graphs naturally represent spatially embedded network models, such as

wireless sensor networks, road transport networks, and robot motion planning spaces,
where the nodes are points in a metric space, normally a Euclidean space, and the edges
have weights that are the distance between their endpoints [1]. With embedding space,
geometric graphs can represent both connectivity and physical constraint of real systems.

In the majority of practical applications, restricted geometric graphs are considered,
where the set of admissible edges is more constrained. The most typical examples are:

a. Planarity, not having crossings among edges to simplify and make visually more
comprehensible the graph, since the scenario is very frequent in geographical maps
and network visualization [2].

b. Unit-disk constraints, when edges are only inserted if the Euclidean distance between
endpoints is not greater than one unit, modeling communication in wireless
networks [2].
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c. Bounded edge crossings, where a limited number of crossings per edge is permitted
to keep connectivity and spatial simplicity in balance, useful in cases like VLSI circuit
layout [2].

These kinds of constraints make it more difficult to design algorithms because they
reduce the space of search as well as necessitate specialty construction methods.

In order to deal with these challenges, recursive algorithms —typically of the divide-
and-conquer variety —are the solution. They partition the vertex set into groups, build a
spanner locally in each group, and then merge the local solutions together to create a global
spanner. The hierarchical approach makes it simpler to preserve the most significant
properties of graphs, such as:

a. Low stretch factor (rendering the shortest-path lengths in the spanner almost
identical to the original distances),

b. Bounded degree (imposing a limit on the number of edges at each vertex), and

c. Connectivity and fault tolerance (guaranteeing robustness when there are failures of
edges or vertices) [3].

A t-spanner is a subgraph that preserves distances within a multiplicative factor t >
1 of the original graph’s distances. Formally, for all vertex pairs u, v, the shortest-path
distance in the spanner dy(u, v) satisfies:

dy(u,v) <t-|lu—v|. (1)

This paper focuses on recursive algorithms to construct t-spanners for various
geometric constraints. The theory is presented using mathematical expressions,
diagrammatic illustrations, and a performance analysis chart to describe the underlying
basics as well as to quantify algorithmic performance in terms of time complexity, edge
density, and stretch factor performance.

Methodology

A geometric graph G = (V,E) is defined in a d-dimensional Euclidean space, where
V € R represents a set of n points, and the edges E € V x V are weighted by the Euclidean
distance |u — v| [4]. A subgraph H = (V,E") € G is referred to as a t-spanner if, for every
pair of vertices u, v € V, the shortest path distance dy (u, v) in H satisfies:
dy(u,v) <t-|lu—v|b (2)
where t > 1 is the stretch factor .

Constrained geometric graphs incorporate additional restrictions, such as:
e Planarity: No edge crossings, as in planar spanners.
e Unit-disk constraints: An edge exists only if |[u —v| <1, a condition frequently
applied in wireless network modeling.
e Bounded edge crossings: Localized constraints on the number of permissible edge
intersections [5].

Recursively built spanner algorithms tend to split the vertex set V into clusters, build
local spanners within each cluster, and merge them to obtain a global spanner with desired
characteristics such as bounded degree or fault tolerance. Optimal performance in doubling
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metrics can be obtained by greedy spanner algorithms based on recursive partitioning,
whereas online spanner algorithms are built to handle incoming vertices one at a time [6].

Result and Discussion
Recursive Algorithmic Strategies

Recursive algorithms for constrained geometric graphs move in the form of a three-
stage process: decomposition, local computation, and merging such that global properties
are maintained with constraints [7]. The phases are formalized through mathematical
guarantees and represented graphically through geometric figures.

Decomposition

Decomposition The vertex set V is partitioned into subsets Vi,V,, ...,V using
geometric or topological separators. A strongly sublinear separator partitions V into subsets of
size at most n'~€ for some € > 0, with a boundary of size 0(n'*~%), where § > 0 [8]:

k
Vil < [n/kl, UVi=V, [3Vi]=0®'"), (3)
i=
where 0V; denotes the boundary of subset V;.
In unit-disk graphs, recursive clustering ensures that all edges satisfy |u — v| < 1 [14].

A quadtree-based decomposition recursively partitions the plane into axis-aligned rectangles,
each containing a bounded number of points [9] see Figure 1

Quadtree Decomposition with Labeled Clusters V;
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Figure 1: Quadtree Decomposition of a Geometric Graph
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The image is a geometric graph subgraph of a 2D Euclidean plane with 100 vertices
(black circles). The plane recursively splits with a quadtree decomposition to level 2 and
results in 16 labeled clusters Vi, V5,...,Vis. The solid edges within each cluster represent local
spanners that possess low intra-cluster stretch factor (t<1.5), and the dashed edges represent
inter-cluster connections that ensure global connectivity. Planarity is maintained in every
cluster through the avoidance of edge crossings. This hierarchical organization enables
efficient recursive spanner construction subject to geometric constraints.

Local Computation Within each subset V;, alocal spanner H; = (V;, E;) is constructed.
The greedy spanner algorithm, with a time complexity of

0(n’logn), (4)

selects edges to minimize the stretch factor while maintaining sparsity. For
constrained graphs with locally restricted edge crossings, edge additions adhere to
topological constraints, ensuring that for planar graphs:

Number of crossings = 0 5)

In unit-disk graphs, edges are restricted to vertex pairs (u, v) such that |[u —v| < 1, and
local spanners are recursively constructed within each cluster [10].

Merging The local spanners are subsequently merged into a global spanner
H = (V, UE; U Einter), (6)

where Ej,r denotes the set of inter-cluster edges. In unit ball graphs, lightweight
spanners achieve a stretch factor of

dy(u,v) < (1 +¢€)-|lu—v| (7)

while maintaining O(nlogn) edges. Distributed algorithms recursively aggregate
local spanners to ensure scalability in large-scale networks [11]. The merging process
preserves both connectivity and bounded degree, constraining the degree of each vertex to

O(logn) (8)
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Merging Local Spanners into a Global Spanner

—— Local spanner (solid) Direct Euclidean path
=== Inter-cluster edges (dashed) ® \Vertices
—— Recursive spanner path

Figure 2: Merging Local Spanners

The graph illustrates the merging step for clusters of Figure 1. Every cluster has a
local spanner (solid edges), and inter-cluster edges (dashed) connect cluster representatives
(e.g., centroids) to form the global spanner. A path between two points across clusters is
highlighted, demonstrating a stretch factor t < 1.5. Planarity constraints are illustrated by
limiting edge intersections to at most one per pair of edges [12]. The recursive spanner path
is compared to the Euclidean direct path in the graph.

Maintaining properties such as low stretch, bounded degree, planarity, or fault
tolerance is the central objective in recursive spanner algorithms. Planar spanners
approximate complete graphs with a stretch factor:

dy(u,v) V2 ju—v, ©)

using recursive constructions [13] Fault-tolerant spanners ensure connectivity under k edge
or vertex failures by maintaining redundant paths [14]:

Connectivity > k + 1. (10)
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In nonplanar road networks, recursive algorithms minimize edge crossings,
achieving a crossing number of 0(n) [15]. Sparse roadmap spanners for motion planning
guarantee near-optimal paths under geometric constraints, with stretch factors approaching
1[16].

The performance of recursive spanner algorithms is evaluated by comparing their
asymptotic time complexities in a logarithmic-scale bar chart. The comparison includes:

a. The greedy spanner algorithm [17]: O(n?logn), logarithmic scale = 2.1.
b. The online spanner algorithm: O(nlogn), logarithmic scale = 1.8.
c. The distributed lightweight spanner algorithm [18]: O (nloglogn), logarithmic scale = 1.5.

This comparative analysis highlights the trade-offs between computational efficiency
and structural quality in the construction of recursive spanners.

5.Discussion

The central power of the proposed framework is its divide-and-conquer approach.
By partitioning the vertex set into smaller spatially contiguous clusters, complexity in
constructing spanners is greatly reduced. Each cluster is a locally independent unit in which
local spanners are built autonomously. This not only facilitates parallel and distributed
computation but also enables each step to be optimized to the provided geometric constraint
being enforced.

Throughout local construction, selection of the constraint will exert considerable
influence on design choice. For example:

a. In planar spanners, the absence of edge crossings between clusters helps to simplify
graph topology and visualisation.

b. In unit-disk graphs, edges are confined to pairs of vertices whose Euclidean distance
is at most one, mimicking wireless transmission range limits.

c. In crossing graphs that are locally bounded, the number of edge intersections
allowed is exactly limited, which can be extremely crucial in circuit design use.

The merging step is of greatest significance to the graph's performance globally. Even
though there are not many inter-cluster edges being added, their selection must find a
balance between regulating the stretch factor and setting degree constraints. For example,
adding representative points such as cluster centroids balances path efficiency with the total
number of interconnections. Figures in this document (i.e., Figures 1 and 2) depict this
process:

a. Figure 1 shows the decomposition phase, with local spanners and clusters.
b. Figure 2 illustrates the merging phase, where representative edges are utilized to
merge the local spanners, and an example path shows the maintained stretch factor.

One key compromise is that stronger geometric constraints may add more edges to
the merging step or raise the overall stretch factor. Tuning parameters like separator depth,
local stretch value t, and choice of inter-cluster links is hence essential to obtaining good
performance for specific applications.

Conclusion
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We have demonstrated a recursive construction model for geometric t-spanners with
constraints that integrates decomposition, local constrained spanner construction, and
efficient global merging into a unified framework. It realizes low stretch, bounded degree,
and global connectivity for multiple simultaneous geometric constraints.

The modularity of the methodology makes the approach readily translatable to
different application domains and adaptable to large networks in both centralized and
distributed computing environments. Additionally, quadtree-based decomposition used in
our figures gives visually intuitive as well as computationally effective spatial management
of partitioning.

Through both local optimization strength and global connectivity control, the
developed recursive model offers a robust framework for the construction of geometric
spanners in wireless communication, transportation systems, and robotics applications.
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